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Abstract
Einstein–Maxwell theory implies the mixing of photons with gravitons in
an external electromagnetic field. This process and its possible observable
consequences have been studied at tree level for many years. We use the
worldline formalism for obtaining an exact integral representation for the one-
loop corrections to this amplitude due to scalars and fermions. We study the
structure of this amplitude, and obtain exact expressions for various limiting
cases.

PACS numbers: 04.62.+v, 13.40

1. Photon–graviton mixing at tree level and one loop

As has been realized already in the 1960s [1] Einstein–Maxwell theory in a constant
electromagnetic field contains a tree level vertex for photon–graviton conversion,

κhµνF
µαf ν

α − 1
4κhµ

µFαβfαβ. (1)

Here hµν denotes the graviton, fµν is the photon and Fµν is the external field. κ is
the gravitational coupling constant. This vertex implies the possibility of photon–graviton
oscillations [1–7] which are analogous to the better-known photon–axion oscillations in a field
[8]. In the presence of an external field, the true eigenstates of propagation can be obtained
by solving the following system of dispersion relations [3]:(

ηαβk2 − kαkβ i
2κCκλ,α

i
2κCµν,β k2

4 (ηµκηνλ + ηµληνκ − 2ηµνηκλ + ...)

)(
aβ(k)

hκλ(k)

)
= 0. (2)

Here Cµν,α denotes the Fourier transform of the vertex (1),

Cµν,α = (F · k)αηµν + Fµαkν + Fναkµ − (F · k)µηνα − (F · k)νηµα. (3)

For small deviations from the vacuum dispersion relations k2 = 0, this second order equation
can be linearized. An efficient formalism for solving the system (3) under this condition was
developed in [3].

1751-8113/08/164048+09$30.00 © 2008 IOP Publishing Ltd Printed in the UK 1

http://dx.doi.org/10.1088/1751-8113/41/16/164048
http://stacks.iop.org/ JPhysA/41/164048


J. Phys. A: Math. Theor. 41 (2008) 164048 F Bastianelli et al

Figure 1. One-loop photon–graviton amplitude in a constant field. The double line represents the
propagator of a charged scalar or spin 1

2 particle in a constant field.

Taking one-loop corrections into account, the dispersion relation matrix gets modified in
the following way [9, 10],(

ηαβk2 − kαkβ − �̄α,β i
2κCκλ,α − �̄κλ,α

i
2κCµν,β − �̄µν,β k2

4 (ηµκηνλ + ηµληνκ − 2ηµνηκλ + ...) − �̄µν,κλ

)(
aβ(k)

hκλ(k)

)
= 0.

(4)

Here �̄α,β, �̄µν,β and �̄µν,κλ denote the one-loop photon–photon, graviton–photon and
graviton–graviton vacuum polarization tensors in a constant field. These quantities in principle
have to be calculated with all possible loop particles. Equations (4) generalize the QED
dispersion relation

(ηαβk2 − kαkβ − �̄α,β)aβ(k) = 0. (5)

This case is well known and has been studied by many authors (see, e.g., [11–13]). It leads to
a complicated dependence of the phase velocity on polarization, field strength and frequency
(see [14] for a detailed discussion).

In this paper, we report on our recently concluded calculation [9, 10] of the photon–
graviton polarization tensor in a constant electromagnetic field �̄µν,α , with a charged scalar
or spin 1

2 particle in the loop. As a Feynman diagram, this amplitude is represented by
figure 1.

In [9] the worldline formalism was used to obtain compact parameter integral
representations for this amplitude. The numerical and structural analysis has been concluded
only recently [10]. Since this formalism is presently still somewhat novel, particularly in
applications to gravity, we will start with briefly reviewing its basics from a user’s point of
view.

2. Worldline formalism in a constant electromagnetic field

The worldline formalism goes back to Feynman’s representation of scalar [15] and spinor [16]
QED in terms of relativistic particle path integrals. Let us write down Feynman’s integral for
the simplest possible case, the one-loop effective action in scalar QED:

�(A) =
∫

d4xL(A) =
∫ ∞

0

dT

T
e−m2T

∫
x(T )=x(0)

Dx(τ) e−S[x(τ)]. (6)

Here m and T denote the mass and proper time of the loop scalar, respectively. The worldline
path integral is to be calculated over loops in spacetime with a fixed periodicity T and a
worldline action given by

S[x(τ)] =
∫ T

0
dτ

[
1

4
ẋ2 + ieẋµAµ(x(τ))

]
. (7)

In the fermion QED case, a number of different ways have been found to implement the spin
in the worldline path integral. Feynman’s original formulae [16] are based on a spin factor
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involving Dirac matrices, but for the purpose of analytic calculation it is usually preferable to
implement spin by the following additional Grassmann path integral [17],∫

Dψ(τ) exp

[
−

∫ T

0
dτ

(
1

2
ψ · ψ̇ − ieψµFµνψ

ν

)]
. (8)

Here the functions ψµ are anticommuting and antiperiodic,

ψ(τ1)ψ(τ2) = −ψ(τ2)ψ(τ1), ψ(T ) = −ψ(0). (9)

See, e.g., chapter 3 of [18] for a derivation of the path integral representations (6), (8)
from quantum field theory. During the last fifteen years various efficient methods have
been developed for the evaluation of this type of path integral. We are concerned here
with the so-called ‘string-inspired’ approach [19–21] (see [18] for a review) which aims at
an analytic calculation of the worldline path integral (see the contributions by GV Dunne
and K Klingmüller to these proceedings for alternative approaches). This is achieved by
manipulating the path integral into the Gaussian form, usually by a perturbative or higher
derivative expansion, and then performing the Gaussian integration formally using worldline
correlators. Those worldline Green’s functions are, for the coordinate path integral,

〈xµ(τ1)x
ν(τ2)〉 = −GB(τ1, τ2)η

µν, GB(τ1, τ2) = |τ1 − τ2| − (τ1 − τ2)
2

T
, (10)

and for the spin path integral

〈ψµ(τ1)ψ
ν(τ2)〉 = GF (τ1, τ2)η

µν, GF (τ1, τ2) = sign(τ1 − τ2). (11)

We will often abbreviate GB(τ1, τ2) =: GB12 etc. The coordinate Green’s function is not
unique, since it depends on the zero mode fixing of the path integral [18]. The choice of (10)
corresponds to a definition of the zero mode as the loop center of mass,

x
µ

0 := 1

T

∫ T

0
dτxµ(τ). (12)

To obtain, say, the one-loop N photon amplitude, one expands the Maxwell field in N plane
waves with given polarization vectors ε

µ

i ,

Aµ(x(τ)) =
N∑

i=1

ε
µ

i eiki ·x(τ). (13)

This leads to each photon being represented by a photon vertex operator,

V A
scal[k, ε] =

∫ T

0
dτε · ẋ(τ ) eiki ·x(τ) (Scalar QED),

V A
spin[k, ε] =

∫ T

0
dτ [ε · ẋ(τ ) + 2iε · ψk · ψ] eiki ·x(τ) (Spinor QED).

(14)

After expanding the interaction exponential to the Nth order, the path integrals are Gaussian
and can be evaluated by the correlators (10) and (11). This leaves one with the global proper
time integral, and one parameter integral for each photon leg.

It has emerged that this formalism is particularly well suited to the calculation of QED
amplitudes in a constant background field [22, 23]. The reason is that, once one has obtained
the parameter integral representation for a given amplitude for the vacuum case, one can
construct the corresponding integrals in the presence of a background field with constant field
strength tensor Fµν by the following simple substitutions [23, 18].
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• Change the worldline Green’s functions:

GB(τ1, τ2) → GB(τ1, τ2) = 1

2(eF )2

(
eF

sin(eFT )
e−ieFT ĠB12 + ieFĠB12 − 1

T

)
,

GF (τ1, τ2) → GF (τ1, τ2) = GF12
e−ieFT ĠB12

cos(eFT )
.

(15)

(A ‘dot’ on a Green’s function denotes a derivative with respect to the first variable.)
• Change the free path integral determinants

(4πT )−
D
2 → (4πT )−

D
2 det−

1
2

[
sin(eFT )

eFT

]
(Scalar QED),

(4πT )−
D
2 → (4πT )−

D
2 det−

1
2

[
tan(eFT )

eFT

]
(Spinor QED).

(16)

It should be remarked that the worldline formalism is closely related to the standard Fock–
Schwinger proper-time representation of propagators in external fields [24, 25]. Therefore the
resulting integral representations have generally the same structure as those obtained by that
method (see, e.g., [26] and V Skalozub’s contribution to these proceedings). However, the
worldline approach is more global in the sense that it applies directly to a whole loop, rather
than to the individual propagators making up the loop. This also implies that the worldline
integral representations can be written down without fixing the ordering of the external legs
along the loop. Another advantage is that the use of the so-called ‘Bern–Kosower substitution
rule’ [20] provides a simple way of inferring the spinor loop integrands from the scalar loop
ones. This effectively circumvents the usual Dirac algebra manipulations.

In flat space, the Gaussian integration of the worldline path integral can be done naively,
and no ill-defined expressions are produced. For applications to gravity, we need to generalize
the path integrals (6) and (8) to gravitational backgrounds. Here we enter the realm of path
integrals in curved spaces, a subject notorious for its mathematical subtleties. Naively, one
would introduce background gravity by a simple replacement of the kinetic term,

S0 = 1

4

∫ T

0
dτ ẋ2 → 1

4

∫ T

0
dτ ẋµgµν(x(τ ))ẋν . (17)

After the usual linearization gµν = ηµν + κhµν this would lead to a graviton vertex operator
of the form

εµν

∫ T

0
dτ ẋµẋνeik·x. (18)

However, using this vertex operator in a naive Gaussian path integration immediately leads to
ill-defined expressions involving, e.g., δ(0), δ2(τi − τj ). A complete understanding of these
difficulties, and of the steps which have to be taken to solve them in the ‘string-inspired’
framework, has been reached only recently [27–31]. Here we can only briefly sketch the
correct procedure for the spinless case; all the necessary details and the generalization to spin
half can be found in [32].

(i) In the curved space, the path integral measure is nontrivial. Exponentiate it as follows,

Dx = Dx
∏

0�τ<T

√
det gµν(x(τ )) = Dx

∫
PBC

DaDbDc e−Sgh[x,a,b,c], (19)
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with a ghost action

Sgh[x, a, b, c] =
∫ T

0
dτ

1

4
gµν(x)(aµaν + bµcν). (20)

This modifies the naive graviton vertex operator (18) to

V h
scal[k, ε] = εµν

∫ T

0
dτ [ẋµẋν + aµaν + bµcν] eik·x. (21)

(ii) The correlators of these ghost fields just involve δ functions,

〈aµ(τ1)a
ν(τ2)〉 = 2δ(τ1 − τ2)η

µν, 〈bµ(τ1)c
ν(τ2)〉 = −4δ(τ1 − τ2)η

µν. (22)

The ghost field contributions will cancel all divergent or ill-defined terms.
(iii) This cancelation of infinities leaves finite ambiguities. From the point of view of one-

dimensional quantum field theory, we are dealing here with an UV divergent but super-
renormalizable theory which requires only a small number of counterterms to remove
all divergences. The coefficients of the counterterms have to be fixed in a way which
reproduces the known spacetime physics.

(iv) As it turns out, these counterterms are regularization dependent, and in general
noncovariant. This points to a violation of covariance by the regularization
method. Presently, the only known covariance-preserving regularization method is
one-dimensional regularization [30, 31], which has only a single covariant counterterm
proportional to the curvature scalar (−R/4 in the present notations).

(v) The zero mode fixing leads to further subtleties. The simplest possibility would be to fix a
point x0 on the loop, x(τ) = x0 +y(τ). It leads to the so-called DBC (‘Dirichlet boundary
conditions’) propagator for the coordinate field which is known to yield the same effective
Lagrangian as would be obtained also by using the standard heat kernel expansion. For
flat space calculations, the ‘string-inspired’ choice (12) is generally more convenient
since it is the only one which leads to a worldline propagator for the coordinate field
depending only on τ1 − τ2. It can be easily shown that the effective Lagrangians obtained
in both ways differ only by total derivative terms [33]. This continues to be true in curved
space; however here those total derivative terms turn out to be noncovariant in general,
with only the DBC choice yielding a manifestly covariant form of the Lagrangian. The
noncovariance of the total derivative terms present in the ‘string-inspired’ approach poses
no problem in principle but in practice, since it invalidates the use of the Riemann normal
coordinate expansion, which is an almost indispensable tool for this type of calculations.
This remaining problem was solved in [34]. There it was shown that, using Riemann
normal coordinates from the beginning and performing a BRST treatment of the symmetry
corresponding to a shift of x0, the difference between the two effective Lagrangians can
be reduced to manifestly covariant terms. This is achieved by the addition of the further
Fadeev–Popov type terms to the worldline Lagrangian in the ‘string-inspired’ scheme.
Those terms are infinite in number but easy to determine order by order.

All this can be generalized to the spin half case [32]. Thus a standard scheme of calculation
is now available for one-loop effective actions and amplitudes involving scalar or spinor loop
particles and background gravitational fields. See [35] for some applications to effective
actions and anomalies, [36, 37] to graviton amplitudes. More recently also worldline path
integrals representing vector and antisymmetric tensor particles coupled to background gravity
have been constructed [38].
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3. Photon–graviton polarization tensor in a constant field

Returning to the one-loop photon–graviton amplitude in a constant electromagnetic field Fµν ,
we will now sketch its calculation for the scalar loop case. According to the above, this
amplitude can be represented by the following expression,

εµν�
µν,α

scal (k)εα = ieκ

4

∫ ∞

0

dT

T
e−m2T (4πT )−

D
2 det−

1
2

[
sin(Z)

Z

] 〈
V h

scal[k, εµν]V A
scal[−k, εα]

〉
(23)

where Zµν ≡ eT Fµν and V
A,h

scal are the photon and graviton vertex operators (14) and (21).
Using the Wick contraction rules (10), (22) yields (GB12 := GB12 − GB11, etc)

�
µν,α

scal (k) = eκ

4(4π)
D
2

∫ ∞

0

dT

T 1+D/2
e−m2T det−

1
2

[
sin(Z)

Z

] ∫ T

0
dτ1

∫ T

0
dτ2e−k·GB12·kIµν,α

scal ,

I
µν,α

scal = −(
G̈µν

B11 − 2δ11η
µν

)
(k · ĠB12)

α − [
G̈µα

B12(ĠB12 · k)ν + (µ ↔ ν)
]

+ (ĠB12 · k)µ(ĠB12 · k)ν(k · ĠB12)
α. (24)

The T integral has an UV divergence at the lower limit. Using dimensional regularization, this
divergence takes the form

�
µν,α

scal,div(k) = ie2κ

3(4π)2

1

D − 4
Cµν,α (25)

where Cµν,α is the tree level vertex (3). Adding the corresponding counterterm yields the
renormalized vacuum polarization tensor �̄

µν,α

scal obeying the usual renormalization condition
�̄

µν,α

scal (k = 0) = 0. Next, appropriate photon and graviton polarizations have to be selected,
where it turns out to be convenient to use the photon polarization vectors also to construct the
graviton polarization tensors:

photon: ε⊥, ε‖,
graviton : ε⊕µν = ε⊥µε⊥ν − ε‖µε‖ν, ε⊗µν = ε⊥µε‖ν + ε‖µε⊥ν .

Here we have assumed a Lorentz system such that B and E is collinear, and the subscripts
on the photon polarization vectors refer to the same direction. Further, no information is
lost by assuming that the photon propagation is perpendicular to the field [10]. With these
conventions, the components of the tree level amplitude become

C⊕⊥ = −2Bω, C⊕‖ = 2Eω, C⊗⊥ = −2Eω, C⊗‖ = −2Bω. (26)

Here ω = k0 = |�k| denotes the photon/graviton energy. Finally, it is convenient to normalize
the loop amplitude by the tree level one, making the amplitude dimensionless:

�̂Aa
scal(ω̂, B̂, Ê) ≡ Re

(
�̄Aa

scal(ω̂, B̂, Ê)

− i
2κCAa

)
(27)

(A = ⊕,⊗, a =⊥, ‖). Here we have further introduced the dimensionless variables ω̂ = ω
m

,
B̂ = eB

m2 and Ê = eE
m2 .

The spinor loop calculation proceeds completely analogously, just with some additional
terms coming from the evaluation of the spin path integral (8).

At this stage, the four independent components of the scalar or spinor loop amplitude are
given in terms of two-parameter integrals, with integrands involving trigonometric functions
of the proper times and external parameters. Let us write down here these integrals for the
case of a spinor loop and a purely magnetic field:

�̂Aa
spin(ω̂, B̂) = α Re

∫ ∞

0

dŝ

ŝ
e−iŝ

∫ 1

0
dv π̂Aa

spin(ŝ, v, ω̂, B̂) (28)
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π̂⊕⊥
spin = − 1

4π

{
z

tanh(z)
exp

[
z

(
ĀB12

z
+

1

2
(1 − v2)

)
ω̂2

2B̂

]

×
[
(SB12)

2 − (SF12)
2 + (AF12)

2 − (ĀB12 + AF11)

(
ĀB12 +

1

z
+ AF11

)

+ ĀB12((SB12)
2 − (SF12)

2 − (ĀB12 + AF11)
2 + (AF12)

2 − vSB12 + SF12)
ω̂2

2B̂

]
+

4

3

}
,

π̂⊗‖
spin = − 1

4π

{
z

tanh(z)
exp

[
z

(
ĀB12

z
+

1

2
(1 − v2)

)
ω̂2

2B̂

]

×
[
vSB12 − SF12 − 1

z
(ĀB12 + AF11) + ĀB12(vSB12 − SF12 + 1 − v2)

ω̂2

2B̂

]
+

4

3

}
,

π̂⊕‖
spin = 0,

π̂⊗⊥
spin = 0. (29)

Here ŝ = −im2T , z = iB̂ŝ, and the integrand involves the standard worldline coefficient
functions [23].

SB12 = sinh(zv)

sinh(z)
,

AB12 = cosh(zv)

sinh(z)
− 1

z
,

AB11 = AB22 = coth(z) − 1

z
,

ĀB12 = AB12 − AB11 = cosh(zv) − cosh(z)

sinh(z)
,

SF12 = cosh(zv)

cosh(z)
,

AF12 = sinh(zv)

cosh(z)
,

AF11 = AF22 = tanh(z).

(30)

The parameter v is related to the original proper-time variables τ1,2 by v = 1 − 2τ1/T (the
translation invariance of the worldline correlators has been used to set τ2 = 0).

See [10] for the scalar loop and general constant field cases.

4. Properties, special cases

Let us now discuss some properties and limiting cases of the amplitude.

Ward identities: The gauge Ward identity for this amplitude gives the familiar transversality
in the photon index,

kα�µν,α(k) = 0. (31)

The gravitational Ward identity, derived from invariance under infinitesimal
reparametrizations, connects �µν,α with the corresponding photon–photon polarization tensor
�µ,α(k),

kµ�µν,α(k) = i

2
κF ν

µ�µ,α(k). (32)
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(Similarly, non-transversality was recently found for the gluon polarization tensor in a
chromomagnetic background field [39].)

Selection rules: CP invariance implies the following selection rules for the photon–graviton
conversion amplitudes [3]:

• For a purely magnetic field ε⊕ couples only to ε⊥ and ε⊗ only to ε‖.
• For a purely electric field ε⊕ couples only to ε‖ and ε⊗ only to ε⊥.

This is borne out by the explicit calculation (see (26), (29)).

Pair creation thresholds: In the purely magnetic case the amplitudes are real for small ω, since
the magnetic field is not capable of pair production. The pair creation thresholds ωcr turn out
to be identical with the ones for the corresponding photon–photon cases:

ω̂⊕⊥
cr,scal = ω̂

⊗‖
cr,scal = 2

√
1 + B̂, ω̂⊕⊥

cr,spin = 1 +
√

1 + 2B̂, ω̂⊗‖
cr,spin = 2. (33)

Calculable cases: The magnetic case is also much more amenable to an explicit calculation
of the parameter integrals. In [10] we have given a detailed analysis of the following regions
in parameter space (with E = 0).

• For photon/graviton energies below threshold the parameter integrals are suitable for a
straightforward numerical evaluation.

• For arbitrary ω but small B the two-parameter integrals can be reduced to one-parameter
integrals over Airy functions.

• For ω < ωcr and large B one finds the asymptotic behavior

�̂Aa
scal(ω̂, B̂)

B̂→∞∼ − α

12π
ln(B̂), �̂Aa

spin(ω̂, B̂)
B̂→∞∼ − α

3π
ln(B̂). (34)

These leading asymptotic terms can be directly related to the corresponding UV
counterterms, which is another property known from the photon–photon case [40].

• In the zero energy limit, the amplitudes relate to the magnetic Euler–Heisenberg
Lagrangians LEH

scal,spin(B).

�̂⊕⊥
scal,spin(ω̂ = 0, B̂) = −2πα

m4

(
1

B̂

∂

∂B̂
+

∂2

∂B̂2

)
LEH

scal,spin(B̂),

�̂
⊗‖
scal,spin(ω̂ = 0, B̂) = −4πα

m4

1

B̂

∂

∂B̂
LEH

scal,spin(B̂).

(35)

The identities (35) have also been derived by Gies and Shaisultanov using a different
approach [41].

5. Conclusions

The calculation presented here is the first calculation of the photon–graviton vacuum
polarization in a constant electromagnetic field, and also the first state-of-the-art application
of the ‘string-inspired’ worldline formalism to an amplitude involving gravitons. Although
it was not possible here to go into detail, it should be emphasized that in this formalism
this calculation is only moderately more difficult than the photon–photon polarization in the
field. Moreover, we have also shown that the properties of the photon–graviton polarization
tensor are very similar to those of the photon–photon one. We expect that even the graviton–
graviton case will be quite feasible in this formalism. In a future sequel, we intend to analyze
this case at the same level of the photon–graviton one, and to study the complete one-loop
photon–graviton dispersion relations (4).

8



J. Phys. A: Math. Theor. 41 (2008) 164048 F Bastianelli et al

References
[1] Gertsenshtein M E 1962 Sov. Phys. JETP 14 84
[2] Zel’dovich Ya B and Novikov I D 1983 The structure and evolution of the universe Rel. Astrophys. vol 2

(Chicago, IL: University of Chicago Press)
[3] Raffelt G G and Stodolsky L 1988 Phys. Rev. D 37 1237
[4] Magueijo J C R 1994 Phys. Rev. D 49 671
[5] Chen P 1995 Phys. Rev. Lett. 74 634

Chen P 1995 Phys. Rev. Lett. 74 3091 (erratum)
[6] Cillis A N and Harari D 1996 Phys. Rev. D 54 4757
[7] Deffayet C and Uzan J-P 2000 Phys. Rev. D 62 063507
[8] Primakoff H 1951 Phys. Rev. 81 899
[9] Bastianelli F and Schubert C 2005 J. High Energy Phys. JHEP02(2005)069

[10] Bastianelli F, Nucamendi U, Schubert C and Villanueva V M 2007 J. High Energy Phys. JHEP11(2007)099
[11] Adler S L 1971 Ann. Phys. (NY) 67 599
[12] Batalin I A and Shabad A E 1971 Zh. Eksp. Teor. Fiz. 60 894

Batalin I A and Shabad A E 1971 JETP 33 483 (Engl. Transl.)
[13] Tsai W-Y and Erber T 1974 Phys. Rev. D 10 492

Tsai W-Y and Erber T 1975 Phys. Rev. D 12 1132
[14] Dittrich W and Gies H 2000 Probing the Quantum Vacuum (Berlin: Springer)
[15] Feynman R P 1950 Phys. Rev. 80 440
[16] Feynman R P 1951 Phys. Rev. 84 108
[17] Fradkin E S 1966 Nucl. Phys. B 76 588
[18] Schubert C 2001 Phys. Rep. 355 73
[19] Polyakov A M 1987 Gauge Fields and Strings (New York: Harwood Academic)
[20] Bern Z and Kosower D A 1992 Nucl. Phys. B 379 451
[21] Strassler M J 1992 Nucl. Phys. B 385 145
[22] Shaisultanov R 1996 Phys. Lett. B 378 354

Reuter M, Schmidt M G and Schubert C 1997 Ann. Phys. (NY) 259 313
Adler S L and Schubert C 1996 Phys. Rev. Lett. 77 1695

[23] Schubert C 2000 Nucl. Phys. B 585 407
[24] Fock V 1937 Phys. Z. Sowjetunion 12 404
[25] Schwinger J 1951 Phys. Rev. D 82 664
[26] Bordag M and Skalozub V 2006 Eur. Phys. J. C 45 159
[27] Bastianelli F 1992 Nucl. Phys. B 376 113

Bastianelli F and Nieuwenhuizen P van 1993 Nucl. Phys. B 389 53
[28] Boer J De, Peeters B, Skenderis K and Nieuwenhuizen P Van 1995 Nucl. Phys. B 446 211

Boer J De, Peeters B, Skenderis K and Nieuwenhuizen P Van 1996 Nucl. Phys. B 459 631
[29] Bastianelli F, Schalm K and Nieuwenhuizen P van 1998 Phys. Rev. D 58 044002
[30] Kleinert H and Chervyakov A 1999 Phys. Lett. B 464 257

Kleinert H and Chervyakov A 2000 Phys. Lett. B 477 373
[31] Bastianelli F, Corradini O and Nieuwenhuizen P van 2000 Phys. Lett. B 490 154 (Preprint hep-th/0007105)

Bastianelli F, Corradini O and Nieuwenhuizen P van 2000 Phys. Lett. B 494 161
[32] Bastianelli F and Nieuwenhuizen P van 2006 Path Integrals and Anomalies in Curved Space

(Cambridge: Cambridge University Press)
[33] Fliegner D, Haberl P, Schmidt M G and Schubert C 1998 Ann. Phys. (NY) 264 51
[34] Bastianelli F, Corradini O and Zirotti A 2004 J. High Energy Phys. JHEP04(2004)023
[35] Dilkes F A and McKeon D G C 1996 Phys. Rev. D 53 4388

Bastianelli F and Corradini O 1999 Phys. Rev. D 60 044014
Bastianelli F and Corradini O 2001 Phys. Rev. D 63 065005

[36] Bastianelli F and Zirotti A 2002 Nucl. Phys. B 642 372
Bastianelli F, Corradini O and Zirotti A 2003 Phys. Rev. D 67 104009

[37] Hollowood T J and Shore G M 2007 Preprints 0707.2302, 0707.2303
[38] Bastianelli F, Benincasa P and Giombi S 2005 J. High Energy Phys. JHEP04(2005)010
[39] Bordag M, Grebenyuk Y O and Skalozub V 2006 Teor. Mat. Fiz. 148 42

Bordag M, Grebenyuk Y O and Skalozub V 2006 Theor. Math. Phys. 148 910 (Engl. Transl.)
[40] Ritus V I 1977 Zh. Eksp. Teor. Fiz. 73 807

Ritus V I 1977 JETP 46 423 (Engl. Transl.)
[41] Gies H and Shaisultanov R (unpublished) (private communication by H Gies)

9

http://dx.doi.org/10.1103/PhysRevD.37.1237
http://dx.doi.org/10.1103/PhysRevD.49.671
http://dx.doi.org/10.1103/PhysRevLett.74.634
http://dx.doi.org/10.1103/PhysRevLett.74.3091
http://dx.doi.org/10.1103/PhysRevD.54.4757
http://dx.doi.org/10.1103/PhysRevD.62.063507
http://dx.doi.org/10.1103/PhysRev.81.899
http://dx.doi.org/10.1088/1126-6708/2005/02/069
http://dx.doi.org/10.1088/1126-6708/2007/11/99
http://dx.doi.org/10.1016/0003-4916(71)90154-0
http://dx.doi.org/10.1103/PhysRevD.10.492
http://dx.doi.org/10.1103/PhysRevD.12.1132
http://dx.doi.org/10.1103/PhysRev.80.440
http://dx.doi.org/10.1103/PhysRev.84.108
http://dx.doi.org/10.1016/0029-5582(66)90200-8
http://dx.doi.org/10.1016/S0370-1573(01)00013-8
http://dx.doi.org/10.1016/0550-3213(92)90134-W
http://dx.doi.org/10.1016/0550-3213(92)90098-V
http://dx.doi.org/10.1016/0370-2693(96)00359-0
http://dx.doi.org/10.1006/aphy.1997.5716
http://dx.doi.org/10.1103/PhysRevLett.77.1695
http://dx.doi.org/10.1016/S0550-3213(00)00423-5
http://dx.doi.org/10.1103/PhysRev.82.664
http://dx.doi.org/10.1140/epjc/s2005-02412-9
http://dx.doi.org/10.1016/0550-3213(92)90070-R
http://dx.doi.org/10.1016/0550-3213(93)90285-W
http://dx.doi.org/10.1016/0550-3213(95)00241-J
http://dx.doi.org/10.1016/0550-3213(95)00593-5
http://dx.doi.org/10.1103/PhysRevD.58.044002
http://dx.doi.org/10.1016/S0370-2693(99)00943-0
http://dx.doi.org/10.1016/S0370-2693(00)00199-4
http://dx.doi.org/10.1016/S0370-2693(00)00978-3
http://www.arxiv.org/abs/hep-th/0007105
http://dx.doi.org/10.1016/S0370-2693(00)01180-1
http://dx.doi.org/10.1006/aphy.1997.5778
http://dx.doi.org/10.1088/1126-6708/2004/04/023
http://dx.doi.org/10.1103/PhysRevD.53.4388
http://dx.doi.org/10.1103/PhysRevD.60.044014
http://dx.doi.org/10.1103/PhysRevD.63.065005
http://dx.doi.org/10.1016/S0550-3213(02)00683-1
http://dx.doi.org/10.1103/PhysRevD.67.104009
http://www.arxiv.org/abs/0707.2302, ignorespaces 0707.2303
http://dx.doi.org/10.1088/1126-6708/2005/04/010
http://dx.doi.org/10.1007/s11232-006-0087-4

	1. Photon--graviton mixing at tree level and one loop
	2. Worldline formalism in a constant electromagnetic field
	3. Photon--graviton polarization tensor in a constant field
	4. Properties, special cases
	5. Conclusions
	References

